Abstract-In previous work, a closed-form expression for the current density on the ground plane of a microstrip line was presented. In this paper, we show how this formula for the current density is used to derive an expression for the internal inductance associated with the ground plane. Results are presented for different geometries that illustrate when the internal inductance of the ground becomes comparable to the external inductance of the microstrip line. We also illustrate that the integrals needed for the internal inductance calculation can be used to develop an expression for the conductor loss associated with the ground plane.
I. INTRODUCTION
T HE TOTAL inductance associated with the microstrip line shown in Fig. 1 is given by (1) where is the external inductance of the microstrip and is approximated by [1] (2) and are the internal inductances of the ground plane and the trace, respectively. These two inductances result from the magnetic field penetration into the trace and ground conductors. This paper primarily concentrates on the ground plane inductance, with a brief discussion of the trace inductance in the conclusion.
The internal inductance of the ground plane is governed by the skin effect (i.e., the skin depth associated with the ground plane). As a result, it is known qualitatively that at high frequencies, the total inductance is dominated by the external inductance and the internal inductance can be neglected. However, for a given frequency there has not been a way of quantitatively determining how large or small the contribution of the internal ground inductance is compared to the total inductance.
In this paper, we introduce a closed-form expression for the internal inductance of the ground plane. With this expression, we can quantitatively determine what percentage of the total inductance is associated with the internal ground plane inductance for a given frequency. 
II. GROUND PLANE INDUCTANCE
The internal inductance of the ground plane is given by [2] 
where is the total current flowing in the ground and and are the magnetic flux density and magnetic field intensity inside the ground plane, respectively. This integral is evaluated over the volume of the ground plane and the volume element is expressed as . For an infinitely long microstrip line, the fields are uniform in the direction. Thus, the integral along for a given length of a microstrip line reduces to (4) In general, the magnetic fields inside the ground plane have both an and component. However, in [3] - [5] it was shown that inside a highly conducting region the tangential component of the fields (the component in this case) dominates the normal component (the component), and to zeroth-order, . By utilizing this fact and assuming that the ground plane is nonmagnetic, (3) reduces to (5) Also, in [3] - [5] it was shown that the fields exhibit an exponential decay of (where is the skin depth) away from the surface of a conducting region. Therefore, by assuming that the magnetic field inside the ground plane is governed by U.S. Government work not protected by U.S. copyright. this same skin depth behavior, the field can be expressed as (6) where is the skin depth of the ground plane and is the value of the magnetic field on the surface of the ground plane and is a function of . For good conductors, the magnetic field on the surface of the ground is only slightly perturbed from that of the perfect conductor. Therefore, by using the boundary condition for the tangential component of the magnetic field on a perfect conductor, can be approximated by (7) where is the surface current density of the ground plane. Upon substituting (6) and (7) into (5), the integration can be evaluated explicitly and the internal inductance of the ground plane reduces to (8) If the current density on the ground plane is known, it can be substituted into (8) to obtain the internal inductance of the ground. In earlier work [6] , the surface current density on a perfectly conducting ground plane was derived via a quasistatic Green's function approach and was shown to be (9) where and are defined in Fig. 1 . While this expression is for a perfectly conducting ground plane, the actual current density on the surface of the highly conducting ground plane is only slightly perturbed from that of a perfect conductor. Therefore, the current density for a perfectly conducting ground plane can be used with little loss of generality. With this approximation, (8) reduces to (10)
A. Integral Evaluation
The integral that we need to evaluate is rewritten as Recall that can be expressed as by (14) The integral in (13) can now be expressed as (15) where (16) This function has four logarithmic singularities at . For near , the rational function that is the argument for the logarithm equals , hence . Thus the integrand for is ; this not only assures that the integral converges but also suggests that a contour integral with a large semicircle near infinity is useful. The singularities may be treated as two branch cuts, one joining the points and the other joining (Fig. 2) . The arguments will increase or decrease by as one circles the points of one of these pairs. Since they appear as one dividing the other, these changes cancel out, giving a single-valued analytic function in the cut plane.
From complex analysis [7] , this integral can be evaluated by choosing the contour shown in Fig. 2: (17)
Since this contour does not capture any poles, the Cauchy Integral Theorem states that . As approaches infinity, the contribution from the contour goes to zero and contour reduces to an integral along the entire real axis ( ). Therefore, the integral along the real axis can be written as the sum of the two integrals around the branch cuts and
where and correspond to the function on the lower and upper side of the branch cut. Only the first logarithm of (16) The first logarithm is an odd function of so that its integral vanishes. The integral of the second logarithm is elementary. Thus
With this expression for and the use of (12) the internal inductance per unit length of the ground plane is given by (23) or (24) where is the Leontovich surface impedance [8] and is given by (25) where is the conductivity of the ground plane. While (23)-(25) are only valid for an infinitely thick ground plane, a discussion on their use for thin ground planes is given in Section VI.
III. RESULTS FOR TYPICAL GEOMETRIES
The relative importance of as compared to is a function of frequency and the microstrip geometry. In this section, four different geometries are analyzed: two sets of geometries used commonly in microwave and millimeter-wave integrated circuits (MIMIC's), and two sets of geometries used commonly in printed circuit boards.
The first geometry is a microstrip on GaAs substrate with 100 m, 70 m, 5.8 10 , and 12.9. This corresponds to a line with a characteristic impedance of 51 . Fig. 3 shows the results of the total inductance ( ), the external inductance , and the internal ground plane inductance . The internal ground plane inductance is small compared to the external inductance at high frequencies, but at the low frequencies the internal inductance is comparable to the external inductance. This is further illustrated in Fig. 4 . In Fig. 4 , the percent of internal inductance compared to total inductance is plotted as a function of frequency. For this figure, is defined as (26) Fig. 5 shows the results of the total inductance ( ), the external inductance , and the internal ground plane inductance . In Fig. 6 , the percent of internal inductance compared to total inductance is plotted as a function of frequency. Also shown in Fig. 6 are results for a 58 line, where 1.575 mm (62 mils), 2.286 mm (90 mils), 4.5, and 5.8 10 . For high frequencies, the inductance of the ground is negligible, but becomes important at lower frequencies.
IV. GROUND PLANE LOSS
Using a standard wall loss perturbation analysis, the loss associated with the ground plane is given by [6] (27)
In [6] it was stated that this integral could not be evaluated explicitly, and numerical results were presented. However, this integral is identical to the one evaluated in Section II. With (11) and (22), the loss associated with the ground plane is given by (28) Results from this expression give the identical results that were presented in [6] which were obtained by numerically evaluating (27).
V. CHARACTERISTIC IMPEDANCE
The characteristic impedance is perturbed by the presence of the magnetic fields that penetrate the conductor. Inside the conductor the electric fields are zero to zeroth-order and the dominant fields in the conductor are magnetic [9] . The presence of the nonperfect conductor will only change the inductance of the line, and the capacitance is unchanged from that of a perfect conductor. Thus, the characteristic impedance is defined as (29) where is the characteristic impedance for perfect conductors, is the resistance due to the field penetration into the ground plane and is approximated by (30) and is the capacitance of a microstrip with perfect conductors, and is approximated with an accuracy of 2% or better by [10] (31)
where (32) The losses in the ground plane result in a complex characteristic impedance having both a magnitude and phase. The percentage increase of the magnitude of the characteristic impedance due to the fields penetrating into the ground plane is defined by
Values for for the four geometries analyzed above are shown in Fig. 7 . These results illustrate how the characteristic impedance changes as the magnetic fields penetrate into the ground plane.
VI. SURFACE IMPEDANCE FOR THIN CONDUCTORS
The derivation of both the internal inductance and conductor loss of the ground plane assumed that the ground plane thickness was much larger than the skin depth . This assumption allows for both the inductance and loss to be expressed in turns of the Leontovich surface impedance (which itself is only valid for ). In this section, the validity of the Leontovich surface impedance (and hence the validity of and ) for a thin ground plane is discussed. A generalized surface impedance boundary condition for a thin conductor was derived in [9] and [11] . Using those results, it can be shown that to zeroth-order, a thickness correction to the Leontovich surface impedance can be given by Re
This correction was also suggested by Lee and Itoh [12] . The surface impedance given in (34) reduces to the Leontovich surface impedance for . For , there is an 8% difference in the surface impedances given in (25) and (34). The difference reduces to only 1% for , and for there is at most only a 0.01% difference in the two expressions. Thus, the results presented here can be used for ground planes with thickness on the same order as the skin depth without significant loss in accuracy.
VII. CONCLUSION
In this paper, we introduced a closed-form expression for the internal inductance of the ground plane associated with a microstrip line. This expression can be used to determine the internal ground plane inductance for any given frequency and geometry. The results presented here illustrate that the geometry of the line as well as the frequency play a strong role in determining the relative importance of the internal inductance. A closed-form expression for the conductor loss associated with the ground plane was also presented.
The effect of magnetic field penetration inside the ground plane on the characteristic impedance was investigated. It was shown that depending on the microstrip geometry, large changes in the characteristic impedance can occur at low frequencies due to this effect.
This paper deals exclusively with the effect of the change in the total inductance and the characteristic impedance associated with the ground plane. This is only part of the whole picture. The effect of magnetic fields penetrating inside the trace conductor also changes these two quantities. In [9] , it was shown that for narrow trace widths, the loss in the trace was the dominant loss. Therefore, for narrow trace widths, the changes in total inductance and characteristic impedance may also be dominated by the trace conductor. An analysis of how these quantities change due to the trace conductor is more involved and will be investigated in the future. In 1964, he joined the U.S. Department of Commerce as a member of the Tropospheric Telecommunications Laboratory, CRPL, Boulder, CO, and has remained there although the organization has undergone several name changes and is now the Spectrum Division of ITS, NTIA, in the Department of Commerce. In these years, he has been active in research related to the computation and modeling of tropospheric radio propagation under real-world conditions as when irregular terrain and a changing atmosphere are involved.
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